Abstract: This paper presents the design and analysis of three trajectory tracking control strategies for groups of unicycle-type robots using the leader-followers scheme. The leader converges asymptotically to a predefined trajectory path while the follower robots achieve a desired formation pattern at same time. The control laws are based on a dynamical extension of the kinematic model of unicycles considering the midpoint of the wheels axis of the robots as output function. When the linear velocity of unicycles is close to zero, a complementary control law is enabled momentarily to avoid singularities. It is demonstrated that in the switched closed-loop system, the orientation angles converge to the same value. Finally, some numerical simulations and real-time experiments show the performance of the control strategies.
INTRODUCTION
During the last 20 years, the coordination of multiple mobile robots has emerged as a new research area of mobile robotics and multi-agent systems theory. Current issues include motion coordination, task assignment, communication, etc. (Fukunaga and Kahng (1997) ). Although legs and caterpillars-based locomotion has been widely studied on robotics, multi-robot coordination has been mostly developed for wheeled mobile robots, specifically omnidirectional, unicycle and car-like robots. The range of applications encompasses toxic residues cleaning, transportation and manipulation of large objects, exploration, searching and rescue tasks and simulation of biological entities behaviors (Arai et al. (2002) ).
In some applications, the robots are formed in a particular pattern while the whole group follows a prescribed path at same time. This problem is frequently referred to as formation tracking (Do (2007) ) or marching control (Hernandez-Martinez and Aranda-Bricaire (2009)). The problem is more complex in non holonomic robots, specifically for unicycle-type robots, because the midpoint of the axis wheels can not be stabilized by some continuous and time-invariant control law (Brockett et al. (1983) ). Because of this restriction, some works consider the front-points of robots as outputs to control to avoid singularities in the control law (Desai et al. (2001) ). Although these control laws does not influence directly the orientation angles, (Hernandez-Martinez and Aranda-Bricaire (2010) ) establishes a sufficient condition on the leader so that the orientation angles converge to the same value. Other works as (Dierks and Jagannathan (2007) ) guarantee a priori this convergence if the leader has always a positive linear velocity and (Lechevin et al. (2006) ) designs trajectories of follower robots to achieve relative orientation respect to leader. Finally, (Hassan et al. ⋆ This work was supported by CONACyT, Mexico.
(2006)) establishes a control scheme based on dynamical feedback linearization and (Cao and Tian (2007); Huang et al. (2006) ) analyzes the path-following control and the tasks assignment to the follower robots. This paper addresses the case of unicycle-type robots formed in open-chain or convoy configuration (Belkhouche and Belkhouche (2005) ) where the leader is the only robot that possesses a priori complete information about the marching trajectory. Based on previous work (Hernandez-Martinez and Aranda-Bricaire (2009)) we modify the marching strategies to design three control laws that control the midpoint of the wheels axis using a dynamical extension of the original kinematic model. The control laws also guarantee the convergence of the orientation angles. To solve the problem of singularities, when the longitudinal velocities are close to zero, we propose the commutation to a secondary law based on (Rodriguez-Cortes and Aranda-Bricaire (2007) ). This control law does not ensure the path-following but preserves the convergence of the orientation angles.
The paper is organized as follows: Section 2 presents the kinematic model of unicycles and the problem statement. The three control strategies are presented in Section 3. Section 4 shows the performance of the marching control trough numerical simulations and real-time experiments. Finally some concluding remarks are given in Section 5.
KINEMATIC MODEL AND PROBLEM STATEMENT
Denote by {R 1 , ..., R n }, a set of n unicycle-type robots moving in the plane. The kinematic model of each robot R i , as shown in Fig. 2 , is given by 
where v i is the longitudinal velocity of the midpoint of the wheels axis and w i is its angular velocity. The outputs of the system (1) are given by
. . , n and their dynamics is given bẏ
whereÃ i (θ i ) is the so-called decoupling matrix of every R i . The decoupling matrix is singular for every value of θ i . Moreover as mentioned before, the dynamical system (1) can not be stabilized by some continuous and time-invariant control law. Using a dynamical extension of the kinematic model, we consider
where ξ i = v i is a new state and u i is the new control signal. The previous system is obtained by the addition of a single integrator before the input v i in the original model. The dynamics of the variables z i , i = 1, ..., n in the extended system (3) now is given bÿ
Considering this restriction, it is possible to design a strategy to control the output functions z i . Based on the leader-followers scheme, consider R n as the group leader and the rest as followers. Let
T be the desired position of R i in a particular formation pattern. In this work, we define the z * i as
.., n − 1, denotes the desired relative position of R i with respect to R i+1 and
T is a twice continuously differentiable function that corresponds to the desired trajectory of the leader. Then, the main objective of marching control with convergence of the orientation angles can be formally established as follows.
Problem statement (Marching with orientation):
The control goal is to design a control law [u i Fig. 2 displays the position of the robots when they satisfy the desired trajectory tracking and formation pattern. The goal of the leader is to follow the path of marching whereas the goal of the followers is to maintain a desired pattern formation. Note that the marching control also requires that the orientation angles converge to the same value. In this section, three marching strategies are presented for the group of unicycles. After that, a complementary control law is designed to commute to when any of the main control laws approaches a singularity. To begin with define the error coordinates as
e n = z n − m (t) .
The first n − 1 coordinates correspond to the formation errors of the follower robots while e n corresponds to the path-following error of the leader. Using these error coordinates, we define the following marching control laws:
η 2 :
for i = 1, . . . , n − 1, where k i , c i are scalar design parameters. In the first strategy (7), the control law of every follower robot
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R i includes the feed forward of the marching path acceleration and the position and velocity of the robot R i+1 . This is modified in the second strategy (8) so that the follower robot R i now is fed back with the position, velocity and acceleration of the robot R i+1 instead the marching path. Finally, in the third strategy (9), the follower robots includes the feed forward of the velocity and acceleration of the marching path and the position of the robot R i+1 . Note that the termż i −ṁ of (9) can be represented in the error coordinates as n iė i . The control law for the leader robot is the same for all marching strategies. Remark 1. Note that the leader is the only robot with complete information about the position, velocity and acceleration of the marching path. Thus, the advantage of the control strategies is that the follower robots do not require to process complete information about the path of marching and the positions of all agents. In related works, for instance (Yamaguchi (2003)), all agents must know the target position of the leader, the marching trajectory and more than one desired relative positions with respect to other robots. Therefore, the proposed control laws constitute a decentralized approach. Proposition 1. Consider the system (3) and the control laws (7), (8) or (9). Suppose that ξ i 0 ∀t 0, k i > 0 and c i > 0. Then, in the closed-loop systems (3)- (7), (3)- (8) or (3)- (9) the follower robots converge to the desired formation, i.e. lim
.., n − 1 whereas R n converge to the marching trajectory i.e. lim
Proof. Details of the full Proof are omitted because of lack of space. For full details, the reader is referred to [Gonzalez-Sierra (2010) ]. The dynamics of the error coordinates for the closed loop systems (3)-(7), (3)-(8) or (3)-(9) are given, respectively, byë 
With this choice, the dynamics of the error coordinates for the three closed-loop system are given, respectively, bẏ γ = (M i ⊗ I 2 ) γ (12) again, for appropriate matrices M i . It turns out that, for each one of the cases under analysis, matrices M i are block upper triangular. Therefore, the analysis of the spectra of M i reduces to the study of simple two dimensional matrices. The fact that, for every control law k i , c i > 0 implies straightforwardly that the whole dynamics are asymptotically stable. On the other hand, the fact that lim 
Commutation scheme
Recall that the control laws η 1 , η 2 and η 3 are ill-defined when ξ i = 0. When the robots are close to stop, consider the alternative output functions
The dynamics of these variables is simply given by
where M is the non-singular decoupling matrix. Therefore, it is possible to define the next feedback
where
T and q 0 = q 01 0 0 q 02 where q 0i are design paramenters. The control law η 4 is the alternative strategy used when the control laws (7), (8) or (9) are closed to a singularity. The rule of commutation can be established by
with δ > 0 as the commutation threshold. Finally, it is necessary to define the desired trajectory of h d to apply the control law (15) according to
The control law (15) does not guarantee the path-following of the marching control. It only attempts to preserve the convergence of the orientation angles during the commutation interval. Proposition 2. Consider the switched closed-loop system (3)-(16) using any of the control laws (7), (8) or (9) and the control law (15) and suppose q 0i > 0. Then, it holds that lim
Proof. Define the orientation error coordinates as ε i = θ i − θ d , for i = 1, . . . , n. The control law (15) is globally defined and imposes the following first order dynamicṡ ε i = −q 02 ε i The result follows. Fig. 3 shows a numerical simulation of the closed-loop system (3)- (7) 
NUMERICAL SIMULATIONS AND REAL-TIME EXPERIMENTS

Simulation Results
Real-Time Experiments
The Real-Time Experiments of this Section were carried out over an experimental setup composed of the following:
I. Three Yujin Robots, model YSR-A normally used for soccer competitions, each one equipped with RF receiver, two brushless motors, two 512 pulses per turn encoders and built-in velocity controllers (Fig. 6 ). II. One DALSA video camera, model Genie M640-1/3, able to provide 64 frame per second at a maximum resolution of 640x480 pixels. III. Two Pentium 4-based computers. One computer is devoted to process the data provided by the video camera to estimate the posture of each robot. The second computer calculates and sends the required control input for each robot through a RF transmitter (Fig. 7) . Both computers are linked through unidirectional RS-232 communication.
The experiments were completed using a sampling period of 20 ms. The vision computer works under C# with the Foundation Package of Common Vision Blox. The control computer works under Matlab. Fig. 8 shows a numerical simulation and real-time experiment comparison of the closed-loop system (3)- (8) The desired marching path is the same that the previous simulation. Note that the orientation angles errors θ i − θ j , obtained both in simulation and real-time experiment, of Fig.  9 converge to zero. Finally, the control inputs are presented in Fig. 10 where the effects of the commutation become apparent.
CONCLUSION
Three control strategies have been proposed to solve the problem of trajectory tracking for groups of unicycles, using partial information about other robots and marching trajectory. The control laws steer the midpoint of the wheels axis, hence, exhibit singularities when the velocity vanishes. To cope with this issue, a complementary control law is proposed which does not ensure convergence to the desired trajectory but preserves convergence of the orientation angles during the commutation intervals. The approach was successfully tested both through numerical simulations and real-time experiments. Marching control of unicycles based on the leader-followers scheme. 
